Abstract. In circuit simulation, device models should be as simple as possible. On the other hand, physically sound models for the electrical behaviour of semiconductor devices involve nonlinear systems of partial di erential equations posed on domains with complicated geometries. Therefore simpli cations have to be introduced corresponding to certain idealizing assumptions. By the use of asymptotic methods the simpli cation procedure can be carried out in a mathematically justi able way.
1. Introduction. The starting point of our analysis is the classical drift-di usion model for the ow of negatively charged electrons (density n(x; t)) and positively charged holes (density p(x; t)) in a semiconductor. In scaled form it consists of the continuity equations IR k , k = 1; 2 or 3, represents the semiconductor part of the device. We assume the recombination-generation rate to be of the form R = Q(n; p; x)(np= 4 ? 1) ; Q 0 ; including the standard models for band-to-band processes and recombination-generation via traps in the forbidden band. Since this work is restricted to low injection situations, our model certainly describes the relevant physical phenomena 11].
The equations (1.1) are in dimensionless form. The reference quantity for the particle densities n; p; C is the maximal doping concentration C max , i.e. max jCj = 1 holds. The potential has been scaled by the thermal voltage U T = kT=q where k, T and q denote the Boltzmann constant, the lattice temperature and the elementary charge, respectively. The reference length L is the diameter of the device and, thus, diam( ) = 1. The mobilities are scaled by a characteristic value e and the reference time is given by the di usion time L 2 =(e U T ). Finally, the reference value (1:2) qe U T L n 2 i C max for the electron and hole current densities J n and J p , respectively, contains the intrinsic density n i . In low injection situations the factor n 2 i =C max is a typical minority carrier density. Thus, the value (1.2) is y Institut f ur Angewandte und Numerische Mathematik, TU Wien, Austria. The work of this author has been supported by the Austrian Fonds zur F orderung der wissenschaftlichen Forschung and by the Institute for Mathematics and its Applications with funds provided by the National Science Foundation.
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a characteristic value for current densities in low injection. For further details on the scaling of the driftdi usion equations we refer to 8] and 11]. The equations (1.1) contain the dimensionless parameters = 1 L s "U T qC max ; 2 = n i C max ;
which can be interpreted as scaled versions of the minimal Debye length and of the intrinsic number, respectively. Subregions of where the doping pro le C is positive are called n-regions because the positively charged impurity ions attract electrons. On the other hand, in p-regions the doping pro le is negative. The (k ? 1)-dimensional boundaries between n-and p-regions are called pn-junctions. We assume abrupt junctions, i.e. the doping pro le has jumps across these junctions and is bounded away from zero within the n-and p-regions. We restrict our attention to bipolar devices. Therefore, the boundary @ of the device is the disjoint union of Ohmic contacts C 1 ; ; C m and arti cial or insulating boundary segments @ N . At Ohmic contacts we assume zero space charge and thermal equilibrium: n ? p ? C = 0 ; np = 4 ; at C 1 ; ; C m ; which translates to Dirichlet boundary conditions for the charge carrier densities: Along the arti cial and insulating boundary segments, we assume that the normal components of the electric eld and of the electron and hole current densities vanish. This amounts to homogeneous Neumann conditions for V , n and p:
(1:3d) @V @ = @n @ = @p @ = 0 ; at @ N ; where denotes the unit outward normal.
The formulation of an initial-boundary value problem is completed by prescribing initial conditions for the carrier densities:
(1:4) n(x; 0) = n 0 (x) ; p(x; 0) = p 0 (x) We shall assume that the initial data n 0 and p 0 correspond to steady state solutions of (1.1), (1.3) .
Important quantities are the currents through the Ohmic contacts. The current I j (t) leaving the device through the contact C j is given by I j = Z Cj J tot ds in terms of the total current density J tot = J n + J p ? 2 4 r @V @t ; 2 which is the sum of the particle current densities and the density of the displacement current.
The speci c properties of a device are determined by the number and location of the n-and p-regions as well as of the Ohmic contacts. We consider devices meeting the following requirements: There is a nite number of open connected n-regions whose union is denoted by + . In the same way, the number of pregions is nite and their union is denoted by ? . Each n-or p-region has at most one contact and each contact is adjacent to only one n-or p-region. The union of the pn-junctions is denoted by ? = + \ ? .
Note that these assumptions do not rule out so called oating regions without any contacts. In Figure 1 two-dimensional cross sections of three typical devices are depicted. The pn-diode consists of one n-and one p-region, each with a contact. The bipolar transistor has three di erently doped regions with contacts. Finally, the thyristor is a pnpn-structure. Figure 1 shows the so called Shockley diode where the two middle layers are oating regions.
In this paper we both discuss the stationary problem corresponding to (1.1), (1.3) as well as the transient case. Our objective in both cases is to nd simple representations of the steady state and transient voltagecurrent characteristics, i.e. the dependence of the currents through the contacts on the m?1 contact voltages U j ? U 1 , j = 2; ; m. Obviously, the choice of U 1 does not in uence the result. Note that we only need to compute m ? 1 currents, since the total current density is divergence free, implying I 1 + + I m = 0.
The dimensionless parameters and 2 are small compared to 1 in practical applications. Our approach is an asymptotic analysis where we let these parameters tend to zero consecutively.
The limit ! 0 corresponds to the physical assumption of zero space charge. Essentially, it amounts to replacing the left hand side of the Poisson equation (1.1c) by zero. However, since the problem is singularly perturbed in terms of , layer behaviour has to be expected. In particular, the jump discontinuities of the doping pro le cause the limiting potential and the carrier densities to have jumps across pn-junctions. Also, an initial jump has to be expected for the time dependent problem. The nature of these jumps can be analyzed by introducing slow variables which are continuous in the limit. In terms of the exponentials of the quasi Fermi levels, which are a convenient choice of variables for the steady state problem, the limiting stationary problem is a system of two nonlinearly coupled elliptic equations. The time dependent problem becomes a parabolic-algebraic system in the limit. In the language of the theory of di erential-algebraic equations 3], it is an index 2 problem 1]. This means that the initial conditions have to satisfy certain compatibility relations which is guaranteed by the assumption that the initial data originate from steady state solutions. In other words this assumption implies the absence of initial jumps 16] .
A further simpli cation of the problem is introduced by letting 2 tend to zero. Keeping the applied voltages xed as the built-in potential tends to in nity (as 2 ! 0, see (1.3b), (1.3c)) can be interpreted as a low injection condition. For steady state problems this limit has been formally carried out in 11] and rigorously justi ed in 21]. However, the zero space charge and low injection assumptions have already been used for one-dimensional model problems in the early physical literature on semiconductor devices 26]. In particular, the famous Shockley equation for the voltage-current characteristic of a pn-diode and the qualitative behaviour of bipolar transistors are derived in this way (see also 29]). Thus, the results presented in section 2 can be seen as an extension of this early work. In sections 3 and 4 we demonstrate for multi-dimensional models of a pn-diode and a bipolar transistor, respectively, that the voltage-current characteristic close to thermal equilibrium can be determined explicitely in terms of the solutions of simple elliptic reference problems. In 21], the same methods have been applied for the computation of the forward and reverse bias blocking branches of the voltage-current characteristics of Shockley diodes. As in 27] for one-dimensional models, a device dependent parameter is identi ed whose sign determines whether a given pnpn-structure is a thyristor or behaves like a pin-diode.
For the transient behaviour of pn-diodes the limit 2 ! 0 in the zero space charge problem has been carried out in 23] and 24]. In section 5 we extend this procedure to general bipolar devices. The limiting problem consists of linear parabolic equations in the n-and p-regions coupled by interface conditions at the pn-junctions. For the pn-diode and the bipolar transistor we show in sections 6 and 7, respectively, that these problems are equivalent to systems of integral equations describing the evolution of the currents in terms of the evolution of the applied voltages. Similarly to the steady state case, the kernels of the integral equations are determined by solving simple reference problems.
The question arises if the limit problems depend on the order of the limiting procedures ! 0 and 2 ! 0. In 11] it has been shown that for the thermal equilibrium problem (consisting only of a nonlinear Poisson equation) the limits commute. No proof is available, however, that the limits commute also in the general case. The limit 2 ! 0 leads to a free boundary problem 20] having practical importance in VLSI applications, since for very small devices can be considerably large whereas 2 1 is always a safe assumption. It should be mentioned in this context that the distinguished limit = ! 0 has been considered in 15] . This amounts to the assumption that the reference length in the scaling is equal to the intrinsic Debye length.
Finally we want to discuss the limitations of our approach. They originate from keeping the applied voltages xed in the course of the limiting procedures. It has already been pointed out that the assumption of smallness of the applied voltages compared to the built-in potential means low injection. Therefore high injection e ects are neglected. A second source of error is the zero space charge assumption. We neglect the depletion regions in the neighbourhoods of the pn-junctions. This is justi ed, because the width of these regions is of the order of the Debye length which has been assumed to be small compared to other characteristic length scales in the device. It is well known, however, that the width grows with the potential jump across the junction. E ects involving large applied biases and, therefore, widening depletion regions have to be accounted for by an asymptotic analysis of a rescaled problem (see 2], 14], 18], 19], 28] for the stationary problem and 13] for the time dependent case). Unfortunately, in this case the most appealing feature of the close-to-thermal-eqilibrium results of this work is lost, namely the fact that the voltage-current characteristics can be given explicitely in terms of the solutions of reference problems independent of the biasing situation. Note that the di erential operators in the continuity equations are formally self-adjoint. Also we expect the derivatives of u and v to be bounded uniformly with respect to . This makes them slow variables in the language of singular perturbation theory. Before we can state the convergence result for ! 0, a few regularity assumptions for the data are needed: The domain is Lipschitz and the (k ? 1)-dimensional Lebesgue measure of the union of the contacts is positive. The Dirichlet boundary data for V , u and v at the contacts can be extended to as functions in H 1 ( ). The nonnegative reaction rate Q in the recombinationgeneration term is a smooth function of the carrier densities as well as a bounded function of position. 
where (V 0 ; u 0 ; v 0 ) is a solution of (2.1), (2.2) with replaced by zero.
Remark. Note that the limiting potential would not satisfy general Dirichlet boundary conditions since it is determined from an algebraic equation (the reduced Poisson equation). However, the assumption of zero space charge at the Ohmic contacts is compatible with the limiting problem, and therefore the limiting solution satis es the complete set of Dirichlet conditions.
After elimination of the potential the zero space charge equations can be written as The statement that the density of the majority carriers (electrons in n-regions, holes in p-regions) is close to the modulus of the doping pro le and the density of the minority carriers is small compared to that, is usually called a low injection condition. In other words, in each n-or p-region the quasi Fermi level corresponding to the majority carriers is constant. The current relations for the minority carriers are divided by 4 before passing to the limit. We obtain Assuming the constant values of u in the n-regions and of v in the p-regions to be known, the problem has been reduced to the solution of the linear elliptic equations (2.4b). At rst glance, it seems disturbing, however, that only the minority carrier current densities are determined by the limiting problem. This means that the total current density is known only at pn-junctions. On the other hand, by current continuity it is su cient to know the currents through the pn-junctions for computing the currents through the contacts. In the following two sections we shall demonstrate that the voltage-current characteristics can be determined explicitely in terms of a number of device dependent parameters from the simpli ed problem (2.2), (2.4).
3. The Shockley equation for the pn-diode. We denote the n-region of a pn-diode by n , the p-region by p , the adjacent Ohmic contacts by ? n and ? p , respectively, and the pn-junction by ? (see Figure 2) .
From a simple one-dimensional model problem Shockley (1949, 26] ) computed the approximation From (2.4a) we immediately obtain u = e U ; in n ; v = 1 ; in p :
For u in p and v in n we choose the representations u = 1 + (e U ? 1)' p ; in p ; v = e ?U + (1 ? e ?U )' n ; in n ;
in terms of the reference functions ' p and ' n , respectively, solving the problem r n jCj r' p = Q(0; jCj)' p ; in p ; (3:2a) r p C r' n = Q(C; 0)' n ; in n ; (3:2b) ' n = ' p = 1 ; at ? ; ' n = 0 ; at ? n ; ' p = 0 ; at ? p : (3:2c) Important is the fact that ' n and ' p only depend on the device but not on the biasing situation. With the formulas for the current densities from the preceding section we obtain the Shockley equation where is the unit normal vector along ? pointing into n , and C n (C p ) is the doping pro le evaluated at the n-(p-)side of the junction. It is easy to see that both terms which sum up to the integrand are positive. If a one-dimensional model with constant mobilities and a piecewise constant doping pro le is considered, the di erential equations for ' n and ' p are linear homogeneous ODEs with constant coe cients. In this case, I s can be computed explicitely, recovering Shockley's formulas. 4 . The current gain of the bipolar transistor. A bipolar transistor consists of three di erently doped regions each having a contact. Among the two possibilities of npn-and pnp-con gurations we choose to consider the latter. The arguments of this section carry over to npn-transistors with the obvious changes.
Note that three contacts cannot be incorporated into a one-dimensional model. Therefore we have to assume k = 2 or 3 for the space dimension in this section. Below we shall see that multi-dimensional e ects are indeed important for the performance of bipolar transistors.
The outer (p-)regions are called emitter ( E ) and collector ( C ), the sandwiched n-region is the base ( B ). The corresponding contacts are denoted by ? E , ? C and ? B , respectively, the emitter junction by ? EB and the collector junction by ? BC (see Figure 3) Figure 3 . The currents I E , entering the device through the emitter, and I C , leaving the device through the collector, can be computed by integrations along the emitter and collector junctions. Then the base current is given by I B = I E ? I C . The bipolar transistor serves as an ampli er in the following way: A certain collector-emitter voltage is applied and the base current is used for triggering the collector current. Thus, we are interested in the dependence of I C on I B and U CE . This is achieved by computing U BE from the formula for I B and substituting the result into the equation for I C . Straightforward algebra gives I C = (I B + a 3 + a 4 For collector-emitter voltages signi cantly larger than the thermal voltage, can be approximated by a 1 =a 3 which is large i both terms summing up to a 3 are small compared to a 1 . Usually the doping in the emitter region is much higher than that in the base region implying that the ratio between a 1 and the rst term in a 3 is large. However, we also require which refers only to the base region. The reference function ' 2 describes a situation where the potential at the emitter junction is raised. The hole current entering through the emitter junction is split into two parts leaving through the base contact and the collector junction, respectively. The above inequality means that the current through the base contact is much smaller than that through the collector junction, i.e. essentially all the holes injected into the base reach the collector. Consider a simpli ed model with constant hole mobility, constant doping in the base region and neglecting recombination-generation e ects. Then ' 2 solves the Laplace equation and the validity of (4.1) only depends on the geometry of the base region. The classical analysis of bipolar transistors (see e.g. 29]) uses a one-dimensional model. As pointed out above, this means that there is no obvious way of incorporating the base contact into the model. A priori assumptions on the ow in the base region have to be made. For the classical model it is assumed that the left hand side of (6.1) vanishes, i.e. there is no minority carrier current through the base contact. However, situations where in a 3 the second term dominates can be easily imagined. Then it is necessary to use the more general theory presented here. 5 . Time dependent problems. Mathematically, the biggest di erence between this section and section 2 is that only formal limiting procedures are considered for the transient problem whereas these limits have been rigorously justi ed for the steady state case. the system would be of index 1 3] . Since this is not the case we are confronted with a system of higher index. As usual in the analysis of di erential algebraic equations, we di erentiate (5.1) with respect to time and obtain from (1.1a) (5:2) r (J n + J p ) = 0 :
Since this can be interpreted as an elliptic equation for V , we obtain an index 1 system replacing (5.1) by (5.2). Therefore the original system is of index 2 in the language of the theory of di erential algebraic equations, as has been pointed out by Ascher 1] . Initial data for the problem have to be compatible with both (5.1) and (5. Similar comments as in the steady state case are also relevant here. Assuming the (spatially constant) values of e V in each n-and p-region to be given, the ow of the minority carriers can be obtained by solving the linear problem (5.7), (5.8). The currents through the contacts are computed from the currents through pn-junctions. 6 .
With the notation of section 3 the last condition in (5.8) reads for the pn-diode The kernel e K is integrable and we introduce the normalized version As in the stationary case, the voltage-current relation can be determined completely in terms of the solution of a device dependent reference problem.
As expected, (6.4) has the property that I(t) converges as t ! 1 if and only if U(t) also converges. It is easy to see that in this case the limiting values satisfy the Shockley equation.
For given contact voltage, (6.4) is a Volterra integral equation of the rst kind for I(t). It is well known that this problem is mathematically ill posed. Jumps in the voltage, for example, correspond to singularities in the current. Also the purely voltage controlled problem is not very sensible from a physical point of view. The e ect of a serial resistance always has to be taken into account.
The simple switching circuit depicted in Figure Finally we wish to demonstrate the capability of the model (6.5) to describe charge-storage e ects by discussing the example of switching a pn-diode from a forward conduction to a reverse blocking state. In this case U 0 > 0 and V < 0 holds. We rescale the current by the modulus of its initial value I(0) = (V ? U 0 )=R: I = U 0 ? V R y Equation (6.5) 1 We are indebted to Pierre Degond for pointing out this fact.
We wish to discuss a situation where the involved voltages have absolute values large compared to the thermal voltage, i.e. U 0 ; ?V 1. The factor = U 0 ? V RI s e U0 in (6.6) is an approximation for the ratio of the initial reverse current immediately after the switching and the forward current before the switching. We consider the limits U 0 ! 1 and V ! ?1 keeping the value of xed. As a convenient small parameter we choose " = 1
With the new parameters we write (6.6) as (6:7) e ?(y(t)+1)=" = 1 ? The constant current phase is a time period where the resistivity of the diode is dominated by the serial resistance. Its occurrence is a charge-storage e ect. When a su cient amount of excess charges has been removed the current starts decaying to its steady state value. In this decay phase the exponential in (6.7) can be neglected, and the approximate solution y(t) is determined from the Volterra equation of the rst kind The approximate current is continuous, but its derivative in general has a singularity at t = t 0 + 24].
For the model problem treated in 24] (in nitely long one-dimensional diode) the length of the constant current phase and the solution in the decay phase have already been computed by Kingston (1954, 5] ) and Lax and Neustadter (1954, 6] ). As in the steady state case our analysis leads to an extension of classical results.
7. The transient behaviour of the bipolar transistor. In this section we show that the currents through a bipolar transistor and the contact voltages are related by a system of two integral equations.
We recall the transistor geometry considered in section 4 ( Figure 3 ). Then the last condition in (5. and I C ] analogously by an integral over ? BC . We procede as for the pn-diode by considering the operator A. Functions in the domain of A are now required to be constant along the junctions ? EB and ? BC with I E z] = I C z] = 0 for z 2 D(A). We again derive a Fourier series expansion of the solution z of (5.7), (5.8) in terms of eigenfunctions of A. Evaluation of this representation on the pn-junctions leads to the system These integral equations are the equivalent of equation (6.4) for the pn-diode. They relate the contact voltages to the emitter and collector currents I E (t) and I C (t), respectively, whose initial values are denoted by I 0 E and I 0 C . The kernel functions are given by K E (t) = For the transient behaviour a new type of models in the form of integral equations has been presented. These models are well suited for an analysis of switching processes. Furthermore, they are simple enough to be used in circuit simulation programs as an alternative for equivalent circuit models. Preliminary numerical experiments 32] indicate that an e cient implementation is possible.
